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An Extension of Nadler’s Fixed Point Theorem 

Oo Oo Khine
* 

Abstract 

In this paper, the concepts of multi-valued contraction mappings on complete metric spaces are 

discussed with some illustrated examples. Nadler’s multi-valued fixed point theorem is stated. The 

simpler proof of a generalization of Nadler’s multi-valued fixed point theorem is established. 
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Introduction 

 In 1922, the mathematician, Stefan Banach, established a fixed point theorem known as 

the “Banach Contraction Principle” which is one of the most important results of Mathematical 

analysis and as the main source of metric fixed point theory. The Banach Contraction Principle 

has been generalized in many different directions. The study of fixed points for multi-valued 

contractions using the Hausdorff metric was initiated by Nadler in 1969. He proved multi-valued 

extension of the Banach contraction theorem. The Nadler’s fixed point theorem for multi-valued 

contraction mappings has been extended in many directions. An extension of Nadler’s fixed 

point theorem is given by Gordji, Baghani, Khodaei and Ramezani. 

1. Definitions and Notations 

 In this section, we describe some definitions, some notations and some results will be 

used in later sections. Throughout this paper we denote by R the set of all real numbers, by N the 

set of natural numbers and by d the usual metric on the set X, i.e.,                    d(x, y) = x y  

for all x, y X. 

1.1 Definition. Let (X, d) be a metric space and {xn} be a sequence of X.  

(i) {xn} is said to converge or to be convergent if for any  > 0, there exists an x X such 

that n
n
lim d(x , x) 0.


  x is called the limit of {xn} and we write n
n
lim x x.


   

(ii) {xn} is said to be Cauchy sequence if for every  > 0, there exists a positive integer N 

such that d(xm, xn) <    for every m, n > N. 

(iii)(X, d) is complete if every Cauchy sequence in X converges (that is, has a limit which is 

an element of X). 

1.2 Definition. Let X and Y be nonempty sets. Then T: X  2
Y
  is said to be a multi-valued 

mapping, where 2
Y

 denotes the collection of all non-empty subsets of Y.  

1.3 Example. Let X = {1, 2, 3} and T: X  2
Y
 be defined such that  

                                      
{1,2}, x 1

T(x)
{3}, x 2,3.


 


  

Then T is a multi-valued mapping. 
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1.4 Remark. Every single-valued mapping T: X  Y can be represented as a multi-valued 

mapping if we define T: X  2
Y
 by Tx = {T(x)}.  

1.5 Example. Let X = {1, 2 , 3}, Y = {2, 4, 6, 8} and let T : X  Y be defined by         T(x) = 2x 

for all x X. Define T: X  2
Y
 by Tx = {T(x)}. That is, T1 ={T(1)} = {2},    T2 ={T(2)} ={4} 

and T3 = {T(3)} ={6}. Then T is a multi-valued mapping. 

1.6 Definition. Let (X, d) be a metric space and A  X. Then the distance of a point x X to the 

set A is defined by d(x, A) =  
y A
inf d x,  y x{ | }X .


  

1.7 Example. Let (X, d) be a metric space. Let X = R and A = [1, 4], B =[8, 9]. Then the 

distance of 5X to A, d(5, A) =  
y [1,4] y [1,4]
inf d 5,  y 5 X{ | } {5 y} 1inf
 

   and the distance of 5 X  

to B, d(5, B) =  
z [8,9] z [8,9]

{ | }inf d 5,  z 5 {X inf 5 z} 3.
 

    

1.8 Definition. Let (X, d) be a metric space and CB(X) denotes the collection of all non-empty 

closed and bounded subsets of X. For A, B  CB(X), define  

 
x A y B

H A,B max{sup d(x,B), sup d(y,A)}
 

 . 

It is known that H is a metric on CB(X), called the Hausdorff metric induced by the metric d.  

1.9 Example. Let X = R, A = [0, 3] and B = [5, 7]. Then  

                             

     

   

x A y B

x [0,3] y [5,7]

H A,B max d x,  B d y,  A

d

{sup , sup }

max{ sup , supx, [5,7] d y,  [0,3 }

max{5, 4}

5

]

.

 

 









 

1.10 Definition. The mapping T: X  CB(X) is continuous if un  u implies            H(Tun, Tu) 

 0 for all sequences {un} in X. 

1.11 Definition. Let X be any non-empty set. A point x0 in X is said to be a fixed point of the 

multi-valued mapping T: X  2
X

  if x0  Tx0.  

1.12 Example. Let X = {1, 2, 3}. Let T: X  CB(X) be such that                 

                  

{2}, x 1

Tx {1}, x 2

{3}, x 3,




 
 

 

 It can be seen that 1T1, 2T2 and 3T3. Thus 1 and 2 are not fixed points of T but 3 is a 

fixed point of T. 

2. Multi-valued contraction mappings 

 In this section, we discuss the notion of multi-valued contraction mapping from the metric 

space (X, d) into the all closed and bounded subsets of X, CB(X).  
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2.1 Definition. Let (X, d) be metric space. A mapping T: X  CB(X) is said to be multi-valued 

contraction mapping if H(Tx, Ty)  r d(x, y) for all x, yX and r  [0, 1). 

2.2 Example. Let (X, d) be a metric space and let X = R.  Let T: X  CB(X) defined by              

Tx = [0,
x

3
] for all x X.  

 For any x, y R, and let x < y, 

                   

 

x y

3 3
0, ] 0, ]u [ v [

x y
H Tx,Ty  H 0, , 0,

3 3

y x
0, 0,

3
max{ sup d(u, [ ]), sup d(v, [ ])}

x y
max{0,

3 3

x y

3

}

1
x y

3

1
d(x,

3

y)
2

3

 

    
     

   



 



 



 



  

  Since there exists r =
1

[0,1)
2
 such that H(Tx, Ty) < r d(x, y), it follows that T is a multi-

valued contraction mapping.    

2.3 Remark.  

1. If (X, d) is a complete metric space then (CB(X), H) is a complete metric space. 

2. Let (X, d) be metric space. A multi-valued contraction mapping T:XCB(X) is 

continuous mapping.                                                                                                                               

3. Nadler’s Fixed Point Theorem 

 In this section, we first introduce the definition of the contraction mapping on a metric 

space and the Banach Contraction Principle, known as Banach’s fixed point theorem.  

3.1 Definition. Let X be a metric space. A mapping T: X  X is said to be a contraction on X if 

there is a real number r [0, 1) such that for all x, y X 

d(T(x), T(y))  r d(x, y). 

3.2 Theorem. (Banach’s Fixed Point Theorem). Let (X, d) be a complete metric space, then 

each contraction map f: X  X has a unique fixed point. 

  The following lemma is useful to proof the Nadler’s fixed point theorem. 

3.3 Lemma. Let (X, d) be a complete metric space and A, BCB(X). Then for each xA and r > 

0 there exists yB such that 
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d(x, y)  H(A, B) + r. 

  The following example is illustrated the Lemma 3.3. 

3.4 Example. Let X = R, A = [a – t, a + t], B = [b – s, b + s] and 0 < t  s, where a, b  R.  

Let d be defined by d(a, b) = a b  for all a, b  R. 

It can be seen that A, B CB(X) and thus 

    

     
x A y B

{sup , sup }

max{d(b s, a t), d(b s,a t)}

max{(b s) (a t) , (b s) (a t)}

max{(b a) (s t) , (b a) (s t)}

(b a) (s t)

b a s t

d(a,b) (s t

H A,B max d x,

)

 B d y,  A
 

    

      

      

   

   

  



   

                              So, d(a, b)  H(A, B) + r,  where r = s – t. 

 The following result is a generalization of the Banach Contraction Principle, known as 

Nadler’s fixed point theorem.  

3.5 Theorem. Let (X, d) be a complete metric space. If T: X  CB(X) is a multi-valued 

contraction mapping, then T has a fixed point.  

4. An extension of Nadler’s fixed point theorem 

 The following result is a generalization of Nadler’s fixed point theorem. The simpler proof 

given below is almost exactly the same as the proof in the following reference.  

4.1 Theorem.  Let (X,d)be a complete metric space and let T: X CB(X)  such that    

x y x y y xH(T ,T ) d(x, y) d(x,T ) d(y,T ) d(x,T ) d(y,T )               

for all x, y  X, when , , 0     and 2 2 1.     

Then T has a fixed point. 

Proof.  Let 0u X  and Let 
1 0u Tu . Let r

1 ( )

 


  
. If r = 0, then the proof is completed. 

Now assume that r > 0. Since 0 1Tu ,Tu CB(X)  and 
1 0u Tu , by lemma (3.3), there exists 

2 1u Tu  such that  

1 2 0 1d(u ,u ) H(Tu ,Tu ) r   

Again, since 1 2Tu ,Tu CB(x)  and 2 1u Tu , by lemma (4,3) , there exists 3 2u Tu  such that 

2

2 3 1 2d(u ,u ) H(Tu ,Tu ) r   
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Continuing this iterative process, in general , there exists  nn 1u Tu  for each n N  such that 

n

n n 1 n 1 nd(u ,u ) H(Tu ,Tu ) r   . 

Thus, 

   

   

n
n nn 1 n 1

n
n n n n nn 1 n 1 n 1 n 1 n 1

n
n n n n nn 1 n 1 n 1 n 1 n 1

d(u ,u ) H(Tu ,Tu ) r

d (u ,u ) d (u ,Tu ) d (u ,Tu ) d (u ,Tu ) d (u ,Tu ) r

d (u ,u ) d (u ,u ) d (u ,u ) d (u ,u ) d (u ,u ) r

 

    

    

 

       

       

 

for all nN. It follows that 

            

n

n nn 1 n 1

n
2

n 2 n 1

n
n

0 1

r
d (u ,u ) r d (u ,u )

1 ( )

2r
r d (u ,u )

1 ( )

. . .

nr
r d (u ,u )

1 ( )

 

 

 
  

 
  



 
  

 

Then we have,  

2

n n 1 0 1 1 2 2 3
n 0

2

0 1 0 1 0 1

n
n

0 1

2 2 3
0 1

0

d (u ,u ) d (u ,u ) d (u ,u ) d (u ,u ) ...

r 2r
d (u ,u ) rd (u ,u ) r d (u ,u ) ...

1 ( ) 1 ( )

nr
r d (x , x )

1 ( )

1
d (u ,u ) 1 r r ... r 2r 3r ...

1 ( )

d (u ,u






   

  
        

       

 
  

   

                





2

2 3
1

2 3
0 1

0 1

1 1
) r 2r 3r ...

1 r 1 ( )

1
d (u ,u ) r r r ...

1 ( )

1 r

d (u ,u ) r 1

1 r (1 r) 1 ( )

since r 1.

 
          

 
           



 
   

     

  
  

Thus,  nu  is a Cauchy sequence.  
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Since X is a complete metric space, there exists *x X  such that *
n

n
lim x x


 . Now we have to 

show that *x  is a fixed point of T.  

* * * *
n 1 n 1

* *
nn 1

* * * * * *
n n n nn 1 n 1

d(x ,Tx ) d (x , x ) d(x ,Tx )

d (x , x ) H(Tx ,Tx )

d (x , x ) d(x , x ) d(x ,Tx ) d(x ,Tx ) d(x ,Tx ) d(x , x )

 



 

 

 

             

for all n N . Therefore, 

* * * * * * * *
n n nn 1 n 1 n 1d(x ,Tx ) d (x , x ) d(x , x ) d(x , x ) d(x ,Tx ) d(x ,Tx ) d(x , x )  

            

for all n N . By taking the limit n  , then we have 

              ** * *d(x ,Tx ) ( )d(x ,Tx )   . 

On the other hand 1,    then * *d(x ,Tx ) 0.  It follows that * *x Tx .  

Hence, x* is a fixed point of T. 

 

Conclusion 

    Many authors contributed the extended results of the Nadler’s fixed point theorem. This 

paper is one of the extended results of the Nadler’s fixed point theorem. 
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